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1.  DEFINITIONS 


This  document  is  a  supplement  to  “A  Method  for  Determination  of  Target  Aspect  Angle  with 
Respect  to  a  Radar”  by  Caraway  and  Abell  [1].  The  aspect  angles  or  radar  look  angles  are  given  in 
Equations  (1)  and  (2)  (Fig.  1).  As  shown  in  Figure  1,  the  aspect  angles  are  defined  by  the  vector 
from  the  aircraft  to  the  radar  and  are  defined  in  the  coordinate  system  relative  to  the  aircraft.  This 
means  that  aspect  angle  is  only  affected  by  the  position  of  the  radar  and  is  independent  of  the  radar’s 
orientation.  An  exception  is  when  a  linearly  polarized  radar  beam  is  used.  This  case  requires  a  third 
equation  for  the  polarization  angle  to  define  the  rotation  of  the  aircraft  coordinate  system  with 
respect  to  polarization  of  the  radar  beam.  This  is  not  applicable  for  circularly  polarized  beams. 
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Figure  1.  Aircraft  Aspect  Angles 

Polarization  angle  will  not  be  addressed  in  this  report.  When  radar  measurements  are  combined 
with  aircraft  roll,  pitch,  and  heading  in  calculating  the  exact  solution  of  the  aspect  angles,  the 
orientation  of  the  radar  must  be  taken  into  account.  This  is  due  to  the  fact  that  radar  measurements 
are  taken  with  respect  to  the  orientation  of  the  radar  while  aircraft  orientation  angles  are  defined 
with  respect  to  the  plane  normal  to  gravity  for  roll  and  pitch  and  with  respect  to  true  north  for 
heading. 
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II.  ASPECT  ANGLE  ESMUTION  USING  THE  RADAR  TRACK 


One  way  that  a  tracking  radar  can  estimate  the  aspect  angles  is  by  assuming  that  the  orientation 
of  the  aircraft  is  determined  solely  by  the  velocity  vector  of  the  aircraft  relative  to  the  radar.  The 
pitch  and  heading  can  be  described  by  this  vector,  and  since  the  vector  is  measured  by  the  radar, 
these  terms  are  in  the  plane  of  the  radar.  Since  the  roll  of  an  aircraft  is  generally  a  rotation  along 
the  axis  of  flight,  it  is  not  measured  by  this  vector.  We  can  assume  that  for  most  flight  scenarios, 
the  roll  of  the  aircraft  is  zero  with  respect  to  the  plane  of  the  horizon  for  straight  and  level  flight  of 
an  aircraft.  This  induces  error  with  an  unleveled  radar  due  to  an  inconsistent  reference  plane.  This 
yields  a  maximum  error  (in  the  elevation  aspect  angle  equal  to  the  maximum  angle  that  the  platform 
is  off  level)  only  when  the  aircraft  is  perpendicular  to  the  axis  of  tilt  of  the  radar  and  the  aircraft  is 
traveling  tangential  to  the  radar  scan.  The  error  goes  to  zero  on  inbound  and  outbound  tracks,  and 
on  all  tracks  when  the  aircraft  is  along  the  axis  of  tilt  of  the  radar.  With  an  aircraft  tilt  of  5  degrees, 
the  roll  estimation  error  relative  to  true  zero  roll  is  small  in  most  flight  profiles.  Using  these 
estimations,  the  aspect  angles  are  shown  in  Figures  2  and  3. 
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Figure  3.  Simplified  Estimate  of  (j) 

To  determine  the  direction  of  motion  of  the  aircraft,  linear  travel  from  the  previous  target  point 
to  the  current  (or  predicted)  target  point  can  be  used.  A  predicted  or  future  point  is  used  to  take 
advantage  of  the  radar  tracker  and  spreading  the  points  out  in  position  results  in  a  smoothing  effect 
of  radar  measurement  error.  The  measurements  from  the  radar  are  given  in  range,  azimuth,  and 
elevation  relative  to  the  radar.  These  can  be  converted  to  an  Xp  Yp  Zp  coordinate  system  using 


Xf  =  Rng  sin(Az)  cos(El)  (3) 

Yr  =  Rng  cos(Az)  cos(El)  (4) 

Zr  =  Rng  sin(El).  (5) 

The  change  in  Xp  Yp  and  Zp  from  a  previous  position  to  a  predicted  or  future  position,  is  given  by: 

Ax  =  Xf-Xp;  Ay  =  yf-yp;  Az-Zf-Zp.  (6) 

From  this,  the  pitch  angle  relative  to  the  plane  of  the  radar  can  be  calculated  as: 

^  =  tan-i(Ay/AXr)  (7) 

and  the  heading  angle  relative  to  the  radar  can  be  calculated  as: 

ri  =  tan"‘(Az/^(AXr)^  +  (Ay^) .  (8) 
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Now  using  Figures  2  and  3,  the  aspect  angles  can  be  given  by: 


(9) 

|||  = -l(ilcos(e)  +  El) 

(10) 

where:  P  (Fig.  2)  =  -1  *  Az,  which  is  the  back  azimuth  from  the  aircraft  to  the  radar. 

This  estimation  of  aspect  angle  contains  assumptions  about  the  aircraft’s  roll,  pitch,  and 
heading.  The  roll  assumption  has  already  been  addressed.  Pitch  is  assumed  to  be  along  the  direction 
of  flight.  This  ignores  the  angle  of  attack  which  is  the  amount  of  pitch  up  that  the  aircraft  requires 
to  maintain  flight.  This  has  been  demonstrated  to  range  from  2  to  5  degrees  on  tests  on  two  fighter 
aircraft.  Heading  is  assumed  to  be  along  the  direction  of  flight.  This  ignores  yaw  which  can  be 
introduced  in  this  angle  due  to  wind.  This  is  referred  to  as  the  crab  angle.  Better  estimations  of  roll, 
pitch,  and  heading  can  be  made;  however,  these  estimations  will  be  relative  to  the  plane  of  the 
horizon  at  the  aircraft.  An  exact  solution  to  the  aspect  angles  of  the  aircraft  relative  to  an  unleveled 
radar  is  required  to  include  these  estimations. 
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III.  CLOSED  FORM  SOLUTION 


The  equation  for  the  coordinate  transformation  from  the  aircraft  coordinate  system  to  the 
radar’s  is  given  in  Reference  1  as: 


(11) 


where  [x  y  z]  is  the  coordinate  system  at  the  radar  for  a  level,  north-aligned  radar.  The  inverse 
transformation  matrix,  J'*,  was  derived  in  the  original  paper  to  be; 


cos(^’)cos(ri)  -sin(^’)cos(Ti)  sin(ri) 

cos(^')sin(r|)sm(Q  +  sin(^')cos(^)  -sin(^')sin(ri)sin(Q  +  cos(^')cos(Q  -cos(T|)sin(Q 
-cos(^')sin(ii)cos((;)  +  sin(^')sin((;)  sin(^’)sin(ri)cos((:;)  +  cos(^')sin(Q  cos(ti)cos(Q 


(12) 


where  ^  is  the  aircraft  heading  angle  and  ^  -  90  degrees.  This  is  due  to  the  fact  that  the  aircraft 
reference  system  has  the  x-axis  to  the  north  while  the  radar  system  has  the  x-axis  to  the  east,  q  is 
the  pitch  angle,  and  C,  is  the  aircraft  roll  angle.  When  the  radar  is  unleveled,  a  stabilization  matrix 
must  be  applied  to  transform  the  [x^  yu  z^^]  (unleveled  coordinate  system)  into  [x  y  z]  (the  leveled 

coordinate  system). 
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When  Equation  (13)  is  substituted  into  Equation  (11),  the  transformation  from  the  unleveled  radar 
coordinate  system  to  the  aircraft  coordinate  system  becomes: 
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(14) 
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The  next  step  is  to  derive  the  stabilization  matrix  S.  This  now  becomes  a  three  axis  rigid  body 
rotation.  Since  each  rotation  is  linear,  the  rotations  are  separable.  The  three  angles  are  the  radar’s 
north  offset  (a),  the  radar’s  pitch  angle  (P),  and  the  radar’s  roll  angle  (y).  The  first  transform  is  due 
to  a  and  is  a  rotation  about  the  z-axis  and  is  given  by: 
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cos(a) 

sin(a)  0 

X' 

y 

— 

-sin(a)  cos(a)  0 
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0 

0  1 

z' 

(15) 


The  second  transform  is  due  to  the  pitch  angle,  p,  and  is  a  rotation  about  they  y'-axis  and  is 
given  by: 


x’ 

cos(P)  0  -sin(P) 

x" 

y’ 

- 

0  1  0 

y" 

t: 

sin(P)  0  cos(P) 

z" 

(16) 


The  final  transform  is  due  to  the  roll  angle,  y,  of  the  radar  and  is  a  rotation  about  the  x"-axis 
and  given  by: 


x" 

1  0  0 

Xu 
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= 

0  cos(y)  sin(y) 

Vu 

z" 

0  -sin(y)  cos(y) 

Zu 

Equations  (16)  and  (17)  substituted  into  Equation  (15)  yields: 


(17) 


r 

1 

X 

X 

cos(a)cos(P)  sin(a)cos(y)  +  cos(a)sin(p)sin(y)  sm(a)sin(y)-  cos(a)sin(P)cos(y) 

u 

y 

-sin(a)cos(p)  cos(a)cos(Y)-  sin(a)sin(P)sin(Y) 

cos(a)sin(y)+sin(a)sin(p)cos(y) 

yu 

sin(P)  -cos(P)sm(Y) 

cos(P)cos(y) 

Now  substituting  Equations  (12)  and  (18)  into  Equation  (14)  and  multiplying  will  give  the 
complete  transformation  from  the  unleveled  radar  to  the  coordinate  system  of  the  aircraft.  This  is 
done  in  the  following  equation  with  S  and  C  used  as  shorthand  for  sin()and  cos(). 


6 


C^’CnCaCP  +  S^’CtiSaSP  +  SriSP 
(C^'STiSC  +  S^'CQCaCp-CS^’STiSC-C^’CQSaCp-CTiSCSp 
.(S^'SC  -  C^’SriCQCaCp  -  (S^’SnCC  +  C^'SQSaCp  +  CriCCSp 


(SaCy  +  CaSpSy)C^’Cri  +  (SaSpSy-  CaCY)S^’CTi  -  CpSySri 
(C^'StiS^  +  S^'Cg(SaCy  +  CaSpSy)  +  (C^'C^-  S^’STiSQCCaCy-  SaSpSy)  +  CtiS^CpSy  (19) 

(S^'SC-  C^'STiCQ(SaCy  +  CaSpSy)  +  (S^’SriCC  +  C^'SQCCaCy  -  SaSpSy)  -  CTiC(!;CpSy 


(SaSy  -  CaSpCy)C^’CTi  -  (CaSy  +  SaSpCy)S^'Cri  +  cpCyST] 

(C^'StiSC  +  S^’CQ(SaSy  -  CaSpCy)  +  (C^’C^  -  S^'StiSQCCaSy  +  SaSpCy)  -  CiiSCCpCy 
(S^'SC  -  C^'STiCQCSaSy  -  CaSpCy)  +  (S^'SnCC  +  C^'CS^  -  C^'SQ(CaSy  +  SaSpCy)  +  CriCCCpCy- 


z 


Now  using  Equations  (3)  through  (5)  a  pointing  vector  from  the  radar’s  location  to  the  aircraft 
Vra  ,  can  be  defined  as; 


Vra  =  sin(Az)cos(El)x  + cos(Az)cos(El)y+ sin(El)z.  (20) 

Noting  that  the  transform  can  be  written  as: 

Var  -  J"^*S(-Vra).  (21) 

And  substituting  into  Equation  (20)  and  expanding: 

=  -sin(Az)cos(El)(C^’CTiCaCp  +  S^'CTiSaSp  +  StiSp)- 

cos(Az)cos(El)((SaCy  +  CaSpSy)C^'Cii  +  (SaSpSy  -  CaCy)S^'CTi  -  CpSySn)  - 
sin((El)(SaSy  -  CaSpCy)C^'CTi  -  (CaSy  +  SaSpCy)S^’Cri  +  CpCySri) 

=  -sin(Az)cos(El)((C^'STiSC+S^’CQCaCp-(S^'STiSC-C^'CQSaCp-CTiSCSP)- 

cos(Az)cos(E1)((C4'StiS(;  +  S^'CQ(SaCy  +  CaSpSy)  +  C^’C^  -  S^'SriSCKCaCy  -  SaSpSy)  +  CiySi^CpSy)- 
sin(El)((C^'Sti  S;  +  S^’CO(SaSy  -  CaSpCy)  +  (C^'C^  -  S^'Sr|SQ(CaSy  +  SaSpCy)  -  C^S^CpCy) 

(22b) 


=  -sin(Az)cos(El)((S^'Si;  -  C^'SriCQCaCp  -  (S^'SriCi;  +  C^'SQSaCp  +  CriC^Sp)  - 

cos(Az)cos(El)((S^'S(;-C^’SiiCQ(SaCy  + CaSpSy)  + 

(S^'SriC;  +  C4'SQ(CaCy  -  SaSpSy)-CTiCCCpSy)  -  (22c) 

sin(El)((S^'SC-C^'STiCQ(SaSy- CaSpCy)  + 

(S^'SnCi!;  +  C^'SQtCaSy  +  SaSpCy)  +  CTiC^CpCy) 

Equations  (22a)  through  (22c)  are  then  substituted  into  Equations  (1)  and  (2)  for  the  exact  solution  to 
the  aspect  angles  of  an  aircraft  with  an  in  flight  roll  of  pitch  angle  oft),  and  heading  of  The  aircraft 
is  at  Azimuth  (Az)  and  Elevation  (El)  and  the  platform  of  the  radar  is  unlevel  with  a  roll  of  y,  pitch  of 
P,  and  north  offset  of  a. 
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